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Abstract 

We show the Holder continuity of quasiminimizers of the energy functionals f f(x,u,Vu)dx 
with nonstandard growth under the general structure conditions 


M p W-b(x)\yl r M-g(x) < f(x,y,z ) < p\z\ p ^ + b(x)\y\ r ^ + g{x). 

The result is illustrated by showing that weak solutions to a class of (A, H)-harmonic equations 

— div A{x, u, Vu) = B(x , u , Vu), 


are quasiminimizers of the variational integral of the above type and, thus, are Holder continuous. 

Our results extend work by Chiado Piat-Coscia |5j , Fan-Zhao [T2] and Giusti-Giaquinta 1131- 
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1 Introduction 

The regularity theory for minima and quasiminima of energy functionals with nonstandard growth 
and related PDEs have been a subject of intensive studies in the last two decades. The importance 
of such studies grows largely from the applications, for instance in electro-rheological fluids, Acerbi- 
Mingione [2], in fluid dynamics, Diening-Ruzicka [8], in the study of image processing, Chen-Levine- 
Rao [4j and in the model of thermistor, Zhikov [25] ; see Harjulehto-Hasto-Le-Nuortio |l5j for a recent 
survey and further references, see also the monograph by Ruzicka [22] and Radulescu m- The simplest 
energy functional studied in the variable exponent setting is the one associated with the p(-)-harmonic 


operator: 
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for a measurable function p : [ 1, oo) —> R, domain D C R n and a function u £ ^(O). If p = const, 

then this energy reduces to the classical p-harmonic energy with the related />harmonic equation arising 
as the Euler-Lagrange equation for the p-Dirichlet energy. In spite of the symbolic similarity to the 
constant exponent case, unexpected phenomena occur already in the case n = 1, as it turns out that 
the minimum of the p(-)-Dirichlet energy may fail to exist even for smooth functions p, see Examples 
3.2 and 3.6 in |15j . 

The main purpose of this paper is to study the energy functionals 

Bq(u) = / f(x,u,Vu)dx 
Jn 

for / : fi x R x R n —>• R, under the general growth conditions 

\z\rW _ b(x)\y\ r W - g(x) < f(x, y, z) < y\z\ p{x) + b(x)\y\ r ^ + g(x), 

where b,g are nonnegative functions in the appropriate variable exponent Lebesgue spaces, see ([5]) and 
© for details and Preliminaries for further introduction to the topic. Under such growth conditions, 
Toivanen (23) showed the local boundedness of minimizers. Here we continue and extend further inves¬ 
tigations to include the case of quasiminimizers, see Definition [3] and to show their Holder continuity, 
see Theorem |2] The novelty of our results lies largely in the fact that we allow coefficients b and g to 
be integrable functions. Especially the fact that b = b(x) requires extra attention comparing to results 
for b = const or b £ L°°. In a consequence one needs to extend some of the de Giorgi estimates to our 
general setting, see Lemma [3] for the Caccioppoli-type estimates for quasiminimizers of J-q. Moreover, 
we provide fine L°° estimates involving level sets (Theorem [I]). 

For the history of the problem, we note that the Holder continuity of quasiminimizers with non¬ 
standard growth has been proved by Chiado Piat-Coscia [5] Theorem 4.1] and Fan-Zhao jlT| Theorem 

3.1] under the assumption that b = g = const, cf. (1.3) in j5] and (3.1) in (1 1] . These results were 
subsequently generalized to the case b = const, g £ for s(-) > n/p{-) in Fan-Zhao |121 Theorem 

3.2] and applied in the studies of PDEs with nonstandard growth, see Theorem 2.2 in [12] . For further 
results on the Holder regularity for minimizers we refer to Acerbi-Mingione [I], in the case b = g = 0, 
Eleuteri-Habermann [10] . for the obstacle problem, see also Eleuteri [9j and Mingione [21] for a survey 
on regularity of minima. We would like also to add that the related weak Harnack inequality still 
remains an open problem for quasiminimizers under the general framework studied in our paper (see 
Harjulehto-Kuusi Lukkari-Marola-Parviainen [16] for the case b = g = 0). 

Applications of Theorem [2] are studied in Section |4] There, we show the Holder continuity of 
solutions to a class of PDEs with nonstandard growth of type 

— div A(x, u, Vu) = B(x, u, Vrt), 

under growth assumptions on A and B, see (1281) and (1291) for details. Namely, we prove that solutions are 
quasiminimizers of J-q with b and g defined in terms of growth parameters of A and B, see Theorem [3] 
The fact that, under our growth assumptions, the coefficient b may depend on x £ D allows us to cover 
wider classes classes of PDEs than those studied so far in the literature. We illustrate our discussion 
with Examples 1 and 2, also cf. Theorem 2.2 in Fan-Zhao [T2] , 

Finally, in Appendix we prove Lemmas [U and |2] formulated in Preliminaries and needed to show 
Theorems [T] and [2] To our best knowledge, the proofs of those lemmas are not available in the literature 
for energy functionals under the general growth conditions. 
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2 Preliminaries 


A measurable function p: — > [l,oo] is called a variable exponent. Let A C fb We say that p(-) is a 

bounded exponent in A if it holds that: 


1 < p . < p\ < oo, where p A = ess inf p and p\ = ess sup p. 

A A 

If A = £1 or if the underlying domain is fixed, we will often skip the index and set pa = Pn = P- 
We say that p is log-Holder continuous, if there is a constant L > 0 such that 

x)-p{y) | <7———^77-7T for x,yen. 

log(e + l/|x - y I) 

The log-Holder continuity condition plays an important role in the theory of variable exponents, 
for instance in the results on the boundedness of the maximal Hardy-type operators and in the studies 
of density of smooth functions in the variable exponent Sobolev spaces, see e.g. Chapters 4 and 9 in 
Diening-Harjulehto-Hasto-Ruzicka [7]. 

In what follows we will assume that a variable exponent p(-) satisfies one of the following assump¬ 
tions: 


(1) p(-) is a bounded Lipschitz continuous, 

or 

(2) p(-) is a bounded log-Holder continuous and ||Vp||^s(f 2 ) < oo for some s > n. 

For background on variable exponent function spaces we refer to the monograph [7], 

We define a (semi)modular on the set of measurable functions by setting 


(1) 





here we use the convention t°° = oox(i i00 i(i) i n order to get a left-continuous modular, see 0 Chapter 2] 
for details. The variable exponent Lebesgue space L p ('\Ll) consists of all measurable functions u: H —> R 
for which the modular Qu>(.-)(m(u/p) is finite for some p > 0. The Luxemburg norm on this space is 
defined as 

IMIi>(')(n) := inf [p > 0 : q L p ( ){ < l}. 

Equipped with this norm, is a Banach space. The variable exponent Lebesgue space is a 

special case of the Musielak-Orlicz space, cf. Kovacik-Rakosnik [H9] and Cruz-Uribe-Fiorenza |6j. For 
a constant function p it coincides with the classical Lebesgue space. 

There is no functional relationship between norm and modular, but we do have the following useful 
inequality, the so-called unit ball property , see Lemmas 3.2.4 and 3.2.5 in |7j: 

min {q LP (.) {q) {u)^ , q L p<,-)( Q) {u)^+} < |M| LP( . )(n) < max j q lp{ .) (n) (u) r , g Lp( .) (n) (u )}. (2) 


If H is a measurable set of finite measure and p and q are variable exponents satisfying q < p, then 
L p ('\Q) embeds continuously into L q ('\fl,). In particular, every function u € L p ^'\Ll) also belongs to 
L p o(H). The variable exponent Holder inequality takes the form 



dx <2 |M|£p(-)(q)IM l£p'(-)(n)> 
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where p' is the point-wise conjugate exponent, 1 /p(x) + l/p'(x ) = 1. 

In what follows we will frequently appeal to the pointwise Young inequality and its parameter 
variant for a given e € (0,1]. For the sake of completeness of discussion let us formulate this inequality: 

J u(x)v(x)dx< j j^u(x) p{ - x) dx + J ^W v<yX ) P ^ X) dx - 

The variable exponent Sobolev space consists of functions u € L ply '\Yt) whose distribu¬ 
tional gradient Vu belongs to L p ^'\Yl). The variable exponent Sobolev space (17) is a Banach 

space with the norm 

IMIlp(-)(h) + ll v «llLp(-)(n)- 

In general, smooth functions are not dense in the variable exponent Sobolev space (TJ Section 9.2], but 
the log-Holder condition suffices to guarantee that they are [7] Section 8.1]. In this case, we define the 
Sobolev space with zero boundary values, Wq ,P ' ^(17), as the closure of Cq°(Q) in W 1,p ( ')(17). The local 
Sobolev space ^(17) is defined in a similar way as in the constant exponent case. 

Another fundamental tool employed in the paper is the concept of a level set, see e.g. a book by 
Giusti [2] . Denote by Br a ball in R n with radius R > 0. If u : 17 —> R and fc€l, then we set 

A(k, R) := {x £ 17 : u(x) > k} n Br. 


Furthermore, we recall notation 


M(u, R) = supn, m(u, R) = inf u, osc (u,R) = M(u,R) — m(u,R). 

b r b r 

By fA we denote the integral average of function / over set A, that is 

1 


/a := f fdx = TJT fdx. 

J A \ A \ JA 

For the sake of convenience of notation and in order to simplify the presentation (especially in the 
proof of Theorem [l]) , we will slightly abuse the above notation for the average value over the level sets 
A(k,R) and denote 

/ fdx = dTI / fdx - 

JA{k,R) \Br\ JA{k,R) 

We will now recall basic definitions for quasiminimizers in the variable exponent setting. 

Let 17 C M n be a bounded domain and let / = f(x,t,p ) : 17 x K x M n —> R for n > 1 be a 
Caratheodory function, i.e. measurable as a function of x for every (t,p) and continuous in (t,p) for 
almost every x £ 17. Define an energy functional 


Fq(u) = / f(x,u(x),Vu(x))dx. 

Jn 


Definition 3. Let K > 1. We say that a function u £ Wj ( ' p ' ^(17) is a AT-quasiminimizer of Fq if 
for every open 17' <£ 17 and for all v £ ^(17) such that u — v £ ^(17') we have 

Fw(u) < KFq>(v). 

Equivalently, u is K-quasiminimizer if for every ip £ ^(17) with suppy? d 17 we have 

A s „pp (vj £ KF suppv (u + p). 
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If K = 1, then we retrieve the definition of local minimizers, i.e. a local minimum of Fq is a 
1-quasiminimum. 

Following the discussion in Fan-Zhao, see [T2l , Definition 2.2], we say that a function u € hET*' ^(D) 
is a local quasiminimizer of F if for every x € D there exists a neighborhood C D of x such that u 
is a quasiminimizer of F in Q, x . From the point of view of applications of our results on local Holder 
continuity of quasiminimizers it will often suffice to show that a function is a local quasiminimizer, cf. 
Section |4] 

Quasiminimizers have been studied in various settings and contexts: in the Euclidean setting, 
see e.g. Giaquinta—Giusti m and Giusti HE in the setting of metric spaces, see e.g. Kinnunen- 
Martio HE in the variable exponent setting, see e.g. Harjulehto-Kuusi-Lukkari-Marola-Parviainen [16] 
One also studies relations between quasiminimizers and elliptic equations, see e.g. he Martio |20] and 
quasiminimizers in the parabolic setting, see e.g. Kinnunen-Masson [ T8] and references therein. 

In [23], Toivanen showed the local boundedness of local minimizers of 

Fa(u) = [ f(x,u,\7u)dx, (4) 

Jn 

where / :Hxlx M n —x R is subject to the general structural conditions 

M p(3;) - b{x)\y\ r ^ x) - g{x) < f(x,y,z) < p\z\ p( - x) +b{x)\y\ r ^ x) +g{x). (5) 


As for coefficients, we a priori assume the following: 


p > 1 is a constant, p(x) < r(x) < p*(x) for x £ H, 

b > 0 and b 6 L a ^\Et) for a € C°(H) such that a(x) > * ^ ^ for x £ D, (6) 

P \ x ) ~ t(x) 

77 / 

g > 0 and g € > —. 

P 


Here p*(-) = is the Sobolev conjugate exponent for p < n. For p > n functions in a re 

Holder continuous by the Sobolev embedding theorem. Thus we will limit our discussion only to the 
case p < n. 

Let us now define an auxiliary energy functional. It will turn out that in several cases our discussion 
of properties of the energy Fn can be reduced to the analysis of the analogous properties of T\ q: 


T i,n(u) := / (H + b(x)\u\ r W + g (x) + h(x)) dx, (7) 

p*(x) 

where p, p,r, b,g are the same as in the definition of Fq, whereas h(x) := cb(x) p * < - x ')~ r W for x € H 
with constant c depending among other parameters on K,p,r , ||b||x,«-(-)(si), an d ||u|| w i,p(-)/ n y 

In what follows we will omit the symbol of the domain and write F(u) and F\ ( u ) if the domain is fixed 
or clear from the context of discussion. 


Lemma 1. Every bounded K-quasiminimizer of Fq is a K’-quasiminimizer of F\ q/ for any <e 
where K’ = 2(K + c) with c depending on p + ,p~,n,r + , p, norms of coefficients ||6|| LCT (.), also on 

ll M ll w 1,p (') ■ 

loc 

To our best knowledge, the proof of this lemma is not available in the literature for such general 
assumptions, i.e. for b = b(x) with b £ L and g G if as in the growth assumptions ([6]). For this 
reason and for the sake of completeness of the discussion we provide the proof of Lemma Q] in the 
Appendix. 
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REMARK 1. The quasiminimizing constant K' in Lemma |T| depends, among other parameters, on the 
Sobolev norm of u. Such a dependence is not a novelty and can be found in the literature, see e.g 
discussion at (2.1) in Giaquinta-Giusti |13] , Theorem 6.1 in Giusti [14] and the proof of Theorem 2.1 in 
Fan-Zhao |T2j . In a consequence some constants in Theorems [Q and [2] may depend on as 

well. However, this does not affect the validity of the local Holder continuity result in Theorem [2] In 
general, one can eliminate the dependence of K' on \\u\\ i, p (.)(H) by considering a family of uniformly 

v loc 

bounded quasiminimizers (cf. Chiado Piat-Coscia [3]). 

The next lemma will be needed to conclude the proof of Theorem [T] see also Remark 2.5 in pj]. As 
in the case of Lemma Q] we could not find a proof of this result in the literature and, therefore, decided 
to present the complete argument, see the Appendix. 

Lemma 2. If u is a bounded K-quasiminimizer of T\ q, then so is —u. Moreover, let IT d Ll. Then 
u — k is a bounded K\-quasiminimizer of the following energy functional w for k < sup^/ |u|: 

,n’(u) := [ (p\\7u\ p ( x) + b(x)\u\ r{ - x) + g{x) + h(x)) dx, (8) 

Jn 

for K\ = 2 r+ (2 r+ + 1 )K and h(x) = c( K, r + , supQ/ \u\)b(x) with c = -——— — —. 


3 Holder continuity of quasiminimizers 


In this section we show the main result of the paper, namely the Holder continuity of quasiminimizers 
of the energy functional (j4|) under the growth conditions (0 and (0 , see Theorem |2] Its proof relies 
on a number of auxiliary results which we present first. In our approach we follow the steps of the 
reasoning presented in Chiado Piat-Coscia [5j. However, our work extends j5] as we now study energy 
functionals under the more general growth conditions. 


Lemma 3 (Caccioppoli-type inequalities). Let p(-) be a bounded continuous variable exponent, and 
let u be a local K-quasiminimizer of IFq. Then for each xq £ Ll there exists Rq > 0 such that for all 
0 < r < R < Rq and for all k > 0 we have 



k)+ | p(3:) dx < C 



dx + (l + k PB n)\A(k,R)\ 


i-i 



k)+\ p dx < C 



dx + (1 + k p+B R)\A(k,R)\ 1 ~-t +2\A{k,R)\ 


Here C depends only on p + , ||^||^a( ), ||< 7 ||j,t and the quasiminimizing constant K. 

Proof. Let p £ be a test function such that 0 < p < 1, p = 1 in B r , and |Vr/| < Let 

w = (u — k)+ = rnax{u — k, 0} and v = u — pw. Note that v < u, and v differs from u at most in 
A{k,R). By the structural conditions 0 and the quasiminimizing property, 
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In A(k, R ) we have u = u( 1 — rj) + rj(w + k), v = u( 1 — 77 ) + 77 A:, and hence Vn = (1 — 77 ) Vu — (it — k)X7i]. 
It follows that in A(&, i?) we have 



\ u \p{x) + |„| p{x) < c ^ w y(x) + | u | p(*)(i _ v y(x) + v p(x) k p(x)^ 

( 10 ) 

and 

|Vu| p ^ < C^(l -77)^1 Vn| p ^ + \Vri\ p ^(u-k) p ^ . 

( 11 ) 

Thus by adding f A , k R ^ b(x)\u\ p ^ dx to the both sides of (]9]) and using (fTOT) . (HIT) 

we obtain that 


' A(k,R) 


|Vu| p W + b(x)\u\ p ^ < C 0 K If (1 - V ) p W ( |Vn| p ^ + b{x)\u\ p ^ 

\ . An. m V 


' A(k,R) 


+ 


' A(k,R) 



for some constant Co = Co(p + ). We include K in the constant Co, and from this point on the proof 
proceeds as in Toivanen [23j Lemma 1] and [23} Remark 2], 

In order to prove the second inequality we note that for any £ G M n it holds that 

1 er _ -1 < ier (a:) < ier + +1. 


Therefore, 



The second Caccioppoli estimate follows immediately from this inequality. □ 


We recall the following Sobolev-Poincare inequality with a variable exponent adapted to our setting 
and notation, see Proposition 3.1 in Chiado Piat-Coscia [5]. 


Proposition 1. Let p be a variable exponent satisfying assumptions ©■ Then for every M > 0 
there exists a positive radius R± = R\(M , n, s, ||p||l») such that for every 7 > l/rr — 1/s > 0 there exist 
two positive constants x = x( n iP~> ||p||l s ) an( ^ c = c(n,p _ ,p + ) f or which the following inequality 

holds: 


L 




dx 


<c-f \S7u\ p ^ dx + x\{x ^ Br : |u| > 0 }p 
J b r 


for every Br C with 0 < R < R\, and every u € Wq’ p ^ \b r) such that sup Bfi |u| < M. 


Our next result is the local supremum estimate for quasiminimizers of J-q. It improves and refines 
the estimate in [23} Theorem 1] by letting the right-hand side of (fT2l) to depend on a ratio of the 
measure of the level set and the measure of a ball, and also by introducing the dependence on R p / p+ , 
cf. {3} Formula (4.3)]. Estimate (1121) will play a fundamental role in showing Theorem |2] In the proof 
below we use Lemmas [T| and [2] see Preliminaries and Appendix. 

In the theorem below we will slightly abuse the notation and for the sake of its simplicity denote 
p~ :=Pb r and p + := p% R . 
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Theorem 1. Let variable exponent p{) satisfy dU and let u £ be a K-quasiminimizer 

of energy 0 under the growth conditions © and © with the additional assumption that t > n. If 
\k\ < sup \u\, then for every Bp C LI with R < Ri we have 


sup (u 
Br/2 


k) < cRp + 


f( \A(k,R)\ y r 

\\ R n ) J~A(k,R) 


u — k 
R 


1 



( 12 ) 


where fd > 0 and satisfies /3(1 + fd — 1/t) = 1 /n, while c = c(n,p ,p + , s ). 

Remark 2. In Theorem [T] we assume that g £ L t (Ll) for t > n. Such an assumption is needed in 
order to obtain estimate 02111 . crucial for the de Giorgi iteration. 

In the proof of Theorem [T] we will apply the iteration scheme of the de Giorgi method. The following 
lemma will be necessary for the application of this technique, cf. m Lemma 7.1]. 

Lemma 4. Let a > 0 and { 37 } be a sequence of real positive numbers, such that Xj+i < CB l x\ +a with 

_i _ i 

B > 1 and C > 0. If xq < C B , then lirn^oo x'j = 0. 


Proof of Theorem\j\ Fix h < k, R/2 < p < a < R < rnin{l, Ri}. where R± is as in Proposition [7] 
and let if £ Cff(B^ a+p y 2 ) be a cut-off function with = 1 in B p and |VV’| < Afy Since ^ ^ < 1, 
we apply the Holder inequality and the Sobolev-Poincare inequality of Proposition [T] with 7=1, and 
obtain 


£ 


A(k,p) 


U — k 


P 


p{x) 


<!*< c(n.P + )(^#) / if 


(u — k) + if 


R 


P(*)^T 


dx 


< c 


(J^_rf|) 1/ " |v((u _ k)+i , W M ix + jBsie n {!<„ _ *>+v.| > o}|) , 


where c = c(n,p ,p + , s, ||p||i, s ). Observe that in the set A(k, it holds that 


\V((u- k) + if)\ < |Vn| +4 


u — k 


a-p 


Therefore, we have the following inequality 


£ 


A(k,p) 


U — k 


P 


p(x) 


1/n 


< C i 


[ / (\X7u\pW + 

u — k 

\JA(k,z±£) V 

a-p 


P (x) 


dx + \A(k,^±l)\\. (13) 


Next, we apply the Caccioppoli inequality in Lemma [3] by choosing r := and R := a 


/ |V«| pW <c(p+,||6|| 1 ,|| S || 1 )(/ 


I 

u — k 

\J A(k,tr) 

a-p 


p(x) 


dx + (1 + k PB v)\A(k, cr)\ t . (14) 


Combining (1131) and (11411 . we obtain the following inequality 


A(k,p) 


u — k 


P 


p{x) 


< ( \ A ( k ^)\ 

- V R n 


I Ba 


itR | J A(k,cr ) 


u — k 


a-p 


p{x) 


dx 


, n + /?.. 1 + kf >B & . . . 11 _ i 

+ 1 A(k ,—-—)| H T75- v~\ A ik,a)\ * 

Z .D a+p 


(15) 
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where c depends on the parameters of the preceding constants. Since R/2 < p < a < R, we have that 

\B a \/\Ba+p \ < 2 n . Moreover, as a < R < 1, it holds that \A{k,a)\/uj n < 1, where u n stands for the 
2 

measure of the unit n-dimensional ball. Hence, by including 2 n into constant c, we have that estimate 
(|15l) takes the form 


A{k,p) 


u — k 

P{X) / A\ A ( k ’P)W” 

\f 

u — k 

P 

" V R n ) 

J A(k,a) 

a- p 


p(x) 


dx 


+ 


B n 


< c 


( \A(k,p)\ \W f 
V R n ) \JA(k.a) 


B(j | + 

u — k 


a-p 



(16) 


We modify the constant on the right-hand side of (1161) by observing that R n \A(k,p)\ < a n \A(k,a)\. 
Furthermore, by taking into account that 


£ 


A(k,cr) 


u — k 


a-p 


p{x) 


dx < 


£ 


A(h,a) 


u — h 


a-p 


p{x) 


dx 


for h < k, we get for /3 > 0 


( \A(k, f )\ V f 
' H" I 


u — k 


P 


p{x) 


< C 


( \ A (k,a)\ 

V R n 


/ WCrti y f 
V J JA(h,a) 

2 + k P B . 


( a \ p{x) 

u — h 

\a-p) 

a 


p(x) 


+ 


a 


n(3+n 


-\A(k,a)\ 


1+/3-7 


dx 


(17) 


Observe that for a < 1 and 0 < k — h < 1 we have 


\A(k,a)\ = I 
Jb 


1 dx < 


< 


B a n{u>k} 


(JR 


(k - h)P + J A{h)0 


I A(h,cr) 

u — h 


u — h 


a 


k-h 

p(x) 


p(x) 


dx = 


' A(h,a) 


a 


k-h 


p(x) 


u — h 


a 


p(x) 


dx 


dx. 


(18) 


We are now in a position to show the key-point estimate of this proof. First, we combine observation 
in (USD with m to arrive at the following estimate: 


\ R n J Xkm 


u — k 


P 


p(x) 


<C 


( \A{k,a)\ 
\ R n 




a' 


f \A(k,a)\ yf a ^ 

a -Pj J A(h,cr) 


v 

JAl 


u — h 


a 


p(x) 


+ 


2 + k PB <r 


o* 


\ l +h~\ 

Q-nfi+n (J, _ h y+J 

■■=h + h- 


a n +nP-f 


7 

A 


A(h,cr) 


u — h 

p(*)\ 1+ P~- 

a 

) \ 
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We have introduced integrals I\ and I 2 in order to simplify the presentation. Next, we refine further 
the estimate for I\. 


I\ < c 


/ |A(/c,p)| \ » f a y + f \A(h,a)\ \ * \A(k,a)f ' f 

V R" ) U- p) V O* J a^-T J A(h , a) 


u—h 


< ( \ A (KP)\ 

~ \ R n 


a 


G‘ 


p- v* 


(J — p J (T n P-J 


(fc - ny 


A(h,a) 


a 

u — h 


p(x) 


dx 


a 


p(x) 


1+/3-7 


dx 


a n ^A\ 


where we also use the observation that ^^ * < 1. We join together the estimate for I\ and I 2 
and obtain that 


(\A(k,p)\Vf 

u — k 

V Rn J J A(k,p) 

P 


p(x) 


< C 


\ A (h,a)\ V 


a' 


( \A{k,cr)\ 


P 


7 

Jai 


u — h 


a 


p{x) 


dx 


1+/3-1 


V cr j \j 

where expression C is independent of u and is defined as follows: 

P~\ 


f \A{h,(j)\ 
V CT n 


-j 8 (l+U-i) 


(19) 


C := c 


a 


< 7 ^ 


cr — p J \(k — h) p 


+ 


2 + k p B* ( a P~ 




aT \(k- h)P* 


( 20 ) 


We choose (3 > 0 such that ^ — /3(1 + (3 — 7 ) = 0. Upon solving this equation we have that 


0 <g » = - (1 -W (1 -» )a + * < 2 * 


nt — 1 


Furthermore, since by assumptions t > n. it holds that (3 + > Therefore, estimate (HI takes the 


form: 


( \A(k,p)\ yr 
V R n J JA(k,p) 


u — k 


P 


p{x) 


< C 


f \A(k, o~)| x ^ 

v a n 


7 


A(h,a) 


u — h 


a 


p(x) Xl 13- / 3- ! 

dx | . ( 21 ) 


Our next goal is to apply the iteration scheme in the de Giorgi method, see Lemma[4]and cf. Lemma 7.1 
in Giusti |14| . In order to do so, we define the following families of radii and level sets: 

R R 

a — R i + 2^+1 ’ P ~ 
h = ki := d R p+ ^1 - 7-^ , k = k i+1 . 

for every i € N, and with some d > 0 to be determined later. Note that 


^7+1 hi — 


d R p+ 
2 i+1 ’ 


R i R i +1 — 0 . 


R 


2 i+2 ' 
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Note that both differences are less than 1 for a fixed R and large enough i. This justifies our assumptions 
at (|18p . With this notation we complete the preparation for the iteration scheme at (1211) . 


a _ -2 (1 + g t+t) 


a-p 
a p ~ 

(k - h) p+ 


R 


< 2 i + 1 < 2 i+1 , 


2 z_ r 


R\ p (1 + 2JTt) p / 2 i+1 + 1\ p 2( i+1 )P + 1 ^2( i+1 )P + 
2 J ( P - \p + ~ \ 2 i+l J 2 p~ dP + ~ dP + 

| dRp T 1 


2 *+! 


This, together with the assumption that k < sup^ |it| imply that constant C in ( 1201 ) can be estimated 
as follows 


< 2 (H-i)p + ( ^ Y ^ | 2? 2 + (sup n |u|r + f 2(»» + ) 1+fl 1 
{ dP + J RJ \ dP + J 


C 


— -1 - , j. i X-7- | 1 3 + sup \u\ 

d P+(/3-|) V dP + R n ! t J V n 

We choose d in such a way that d p+ R n / t > 1. Finally, let us define 


2 (i+l)p + (l+^-j) / 1 

< 2T-—- ( 1 + 


(\A(h,p) O' 5 f 

u — k 

V R n J JA(k,p) 

p 


a(x) 


dx. 


With this notation (1211) reads: 


^{ki+l^ Ri-\-l) ^ C 


2 («+l)p + (l+/3—1/t) 
(p+{p-l/t) 


1 + 


1 


dp + R n /t 


<p(ki,Ri) 1+/3 1,1 . 


<2 


Here, constant c depends additionally on sup^ |u|. 

We are in a position to apply the iteration lemma (Lemma |4|) with 

op+(l+/3-i) , 1 

C = c - t >0 B = 2 p+ ( 1+/3 ~i' ) > 1 and a = j3 -. 

d p+ W~\) t 

The condition ipo = ip(ko,Ro) = 99 ( 0 , R) < C'~ 1// “H~ 1//q2 reads in our case as follows: 

d p+ > c2 p+(1+ ^W ) V(0, J R). 

By applying Lemma IH we obtain that 

lim tp(ki,Ri) = ip(aR p ~ /p+ , R/2) = 0. 

i—yoo 


We take d to be defined by d p+ = -^777 + c2 p ^ 1+ <p(0,R). Thus 


sup u < dRP /p+ = cR p /p+ ( ( P / 

b r/ 2 \A Rn ' Ja(o,r) 


p(x) 1 

dx + 


i/ P + 


Rn/t 
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In order to show the assertion of theorem for u — k we appeal to Lemmas [T| and [2] and obtain that 
u — k is a quasiminimizer of an auxiliary energy fFi, see (J5J). We use this observation to obtain the 
Caccioppoli-type estimate as in Lemma |3] with constant C modified according to coefficients of J~ 2 - cf. 
estimate (J9]). Then, we repeat the above reasoning and, hence, starting from inequality (1141) . constants 
in estimates in the above proof begin to depend additionally on ||u|| tiA,p(-)(q\ and functions h,h. (Note 
that the latter two functions are expressed in terms of function b.) The final sup-estimate is obtained 
following the same lines as in the case of k = 0 completing the proof of Theorem [T| □ 

Next lemma provides an estimate for the amount of the level set contained in a given ball in terms of 
the oscillations. The lemma is a generalization of the similar technical result from Chiado Piat-Coscia 
[5], cf. Lemma 4.4. The fact that we now allow more general coefficients b and g than in [5] results in 
an additional oscillation term in the assertion (1221) . 

Lemma 5. Let p(-) satisfy assumptions ([TJ) and u be a local quasiminimizer of (j4|). Suppose that for 
a given ball Br such that B 2 R C and for ko = 2 R) + m(u, 2 R)) there exists a constant 5 < 1 

for which \A(ko,R)\ < 5\Br\. Moreover, let us assume that there exist v £ N and n > 1 such that 
osc(u, 2R) > 2 u+1 7 ]RP~/p\ Then 


\A(k u ,R)\ 

R n 


< c 


R 

P 


V 

R) 

osc( 

2‘ 

( 1 - 

■A (; 


,£--1 


osc(u,2R)p + osc(u,2R) 


-1 


+ c osc (u, 2R) (p ) 2 


Here k u = M(u,2R) — ° sc 2 ^_ l li i? ' > and c depends on n,p ,p + ,7y,supQ |u| as well as on ||C|| LCT (), 
(1/+DI1—^(o+- 4 )l 

whereas c = 2 


( 22 ) 

Wdh*, 


Remark 3. Notice that a bounded Lipschitz variable exponent satisfies the log-Holder continuity 
condition. Thus, by assumptions m on p(-), the following well-known property holds (see Lemma 
4.1.6 in 0) 

lim R Pb 2r~ Pb 2r = 0. 

0 + 

In consequence, Lemma 0 implies that 

\A(K,R) I < c 
R n ~ v' 

for R small enough, where C depends among other parameters on sup^ |it|. 

Proof of Lemma\^ We follow the steps of the proof for Lemma 4.4 in Chiado Piat-Coscia [5]. Given 
h, k with ko < h < k < M (u, 2R) we define 


v(x) 


'k-h 
< u — h 
0 


if u > k 
if h < u < k 
if u < h. 


Note that v £ and v = 0 in Br \ A(ko,R). Moreover, \Br \ A(ko,R)\ > (1 — 5)\Br\. Thus, 

we can apply the classical Sobolev-Poincare inequality to get 


n — 1 



< c(n) 



|Vn| dx 



|Vrt| dx, 
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where A = A(h, R ) \ A(k, R). Next, by the constant exponent Holder inequality, we have 


(k-h)\A(k,R)\— < 


'b r 


v "- 1 dx ) < cl AI 


, p - 1 


I A(h,R) 


\ 1 /P 

|Vu| p dx) . 


The second Caccioppoli-type inequality in Lemma [3] together with observation \A(h,2R)\ < 2 n R h 
imply that 


(k-h)\A{k,R)l 


p -i 

< c| A | p~ 


IA(h,2R) 


u — h 


R 


+ (1 + h p *2R)\A{h, 2R)\ 1 ~T + I A(h, 2R)\ 


< c|A| V 1 f | A(h, 2R)\ mu ' 2 I? + ^ + (1 + h p ^ R )\A(h, 2i?)| 1 -i + \A(h, 2R)\ 


RP 


p —1 n /i 1\ P ' / i i + ( ( i 

<c|A| p- Rp- { t] p~ (\A(h,2R)\i\M(u,2R)-h\ p +{l + h PB 2R)R p +R p \A(h,2R)\i 


p —1 1 


< c|A| p Rp 


p-( n( i p++ ^ (\M(u,2R) -h\ p+ +(l + h PB 2R)RP + ~J +RP + y 


(23) 


We take k = ki := M(u,2R) — osc 2 ^f^ , h = fcj_i and A, := \ A(ki,R). Note that with 

these choices k — h= ° sc 2 . Furthermore, under the assumption that osc(u, 2R) > 2 1,+1 rR p ! p+ for 
some i/£N and r/ > 1, we have 

, p + 

osc (u, 2R) \ p~ 


R < 


2 v+1 rj 


Thus fl23l) becomes 
osc(u, 2 R) 

2i+l 


\A(ki,R)\- 


p —1 n—p' 

< C|Aj| p~ R p~ 


° 3C( “;2 fi ) V + + ( 1 + snp|»r»»«'> 


2 u + l r] 


+ i 2 -L 


+ 


(p + ) 


osc(u, 2 R) ^ p 
2 u+1 rj 


Note that for every i S N such that i < u, we have \A(k u ,R)\ n ™ . Moreover, 


v -i 


i?)| 1//n < cR and |Aj| p < ci?" p . Thus 

osc (it, 2i?) \ p 


_ 71 I n ~P 

\A(k u ,R)\ < 2cR + p- + p~ 




+ (1 + sup |tt| P 

n 


2 a\ / osc 


{u,2R)\ ij^(p + -j)- 1 


2 u+l rj 


+ 


osc (it, 2i?) ^ (p~) 

2 t/+1 ?7 


(p + ) 2 ! 
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We take the sum over i = divide by R n and estimate Yli=i 2*' 1 p+/,p ^ < c {p + iP )• As a 

result we obtain: 


J2\a(K,r)\ 


= v- 


i= 1 


,1 A (k u ,R)\ 
R n 


P ~P + I P_ _ i / b 2R. \ 

< cR p~ < osc(u, 2R)p~ + ^l + sup|u| p~ J 

9* (p + ) 2 ^ 

L~ii =1 


zr=i 2* 


2 (^D^(p + -t) 


osc(u, 2R) & 


°Mp + ~ f)-i 


+ 


i i-i (p+) 2 
2 ( + 


osc(u, 2R) (p ) 


We conclude that 


\A(k v ,R)\ ^ R P p- 
< c - 


£±_i 


Here c := 2 


R n 

(-+i)(i-^( P +-f)) 


osc(u,2i?)p * + osc(u, 2R) V p / + cosc(u, 2R) O F ^ 


while c also depends on sup^ |u|. 


□ 


Theorem 2 (Holder continuity of quasiminimizers). Let p be a variable exponent satisfying Jl]) and 
u be a quasiminimizer of J-q defined at ©-© under the additional assumption that t > n. Then u is 
locally Holder continuous in H with the exponent 0 < a < 1 depending on p~ ,p + ,t,n. 


Proof. We use again the fact that u is a quasiminimizer of J~\. see Lemma [T] Fix a ball B^r C LI with 
2 R < R\, let k 0 = ^(M(u,2R) + m(u,2R)). We can also assume |H(/co,-R)| < \\Br\, as otherwise 
\Bji\ — \A(ko 1 R)\ < ^|Rr|, and all the following arguments would apply to —u. 

Let us fix ki = M(u,2R) — , i € N. Then ki > k$ and ki increases to M(u,2R) as i —> oo. 

In particular, if we take M = 2supQ |u|, Theorem |T| holds with k replaced by ki for every i £ N, giving 


sup (u 
Br/2 


h) < cR p /p+ 


(/ \A(k,R)\ y r 
\\ R n J J A {ki,R) 


u — ki 


R 


p(x) 


l/p+ 


dx + R r ‘ 


Moreover, assuming for simplicity that R < 1 and taking into account that 


sup (u 
Br/2 


ki) < 


osc(u, 2 R) 

2pB 


M 
- 2*+i 


< 1 


holds for i > io for every R, we have the following estimate for every i > io and every 0 < R < 1: 


sup (u 
Br/2 


p _ n_ p _ 

h) < cRp + *p + + cRp + 


( osc (u, 2R) \ p+ 

V ¥+* J 


( \A(kj,R)\ ^T+- 


We shall consider two cases. First, assume that for some v G N to be chosen later 


osc(u, 2 R) 
2 U+1 


P 

> Rp^ 


holds. Then by Lemma |5l with rj = 1, and by Remark El 


sup (u 
Br/2 


J— (l _ 

ki) < cRp + ^ 4 ' 


p _i 

+ cRp + 



f osc (u,2R) \ p+ 
V 2^+1 ) 


( 24 ) 
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By the definition of k u , this means that 

M(u, R/2) - M(u , 2R) + < c 


1+/3 


c 


Ri 


-i ( osc(u, 2 R) ^ p 
2 U+1 




n+p 


+ cR p + . 


If we subtract m(u, R/2 ) and m(u, 2R) from both sides, then we get that 

, „ 1+/3 


osc(u, R/2) < ( 1 — 
Note that 


1 


2 i + 1 

can be written as 


Thus, we have the estimate 


C 


osc (u, 2R) + c 

osc (u, 2 R) 

2"+ 1 Rp+ 


Rp 


fr-i ( oscfa2R) } p+ + CjR ^(i-f) 


> 1. 


f osc(^2fl) \p + / osc(u, 2 R) \ ^ ^ osc {u, 2R) R jfeg osc(u, 2R) ^ 

V 2 + J \ r>?T / nv+1 2 ~*~ 


2 u + 1 Rp ¥ / 2 u+1 Rp~ r 

By Remark [3] we may fix v > ig large enough and R small enough so that 


1+/3 


c \ p 2 + 

- R^^ R v+ 


p / p -p 


< 


1 


Combining (1251) and 


we get that 

l+B 


R~ 


p ~ p+ f osc (it, 2R) ^ p+ osc(u, 2 R) 


2 u+l 


2 U + 2 


and therefore 


osc(u, -R/2) < osc(u, 2R) ^1 — —+ cRp^ ^ 4 ^. 
On the other hand, suppose that 


Then 


osc(a 2fi) 

2" +1 

osc(u, R/2) < 2^ +1 RP“/p + . 


In both cases we have that 

osc(u, R/2) < osc(u,2R) ( 1 — 


1 


V 2 i+1 


+ c2 u+1 Rp + max <1 1, 


1 


Rt P + 


We are in a position to apply Lemma 7.3 from |L4], cf. Lemma 4.6 in [5], with 

/(f) = osc(u,2f), 
r = 1/4, 

1 


<7 = log r ^ 1 - 
A = c2 u+2 


2 U+2 

and 


n\ 1 

a < mm ^ a, [p - y J ^ 


(26) 
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Consequently we get that for every r < R < 1 

^ osc(u, 2 R) + Ar a ^j , 

where c = c(r, cr, a). It follows that u £ C 0,a (fi). 


osc(u, 2r) < c ^ 


r 

R 


□ 


4 Applications to PDEs 

The purpose of this section is to apply Theorem |2]to a class of (4, H)-harmonic equations, with variable 
exponent growth of A and B , and to show the Holder continuity of their solutions. This goal is obtained 
by proving that such solutions are quasiminimizers of an energy functional Jq under the general growth 
type © , see and Theorem [3] The fact that, under our assumptions, the coefficient b may 

depend oni£ll allows us to cover wider classes of PDEs than those studied so far in the literature, cf. 
Theorem 2.1 in Giusti-Giaquinta m and Theorem 2.2 in Fan-Zhao [12] , We illustrate our discussion 
with Examples 1 and 2. There we show the local Holder continuity of weak solutions to equations 

-div(|Vu| p(3:) - 2 Vu) = V(x)\u\ q{ - x) ~ 2 u, 

- div(|Vu| p(3:) - 2 Vu) + \u\^ x) - 2 u = Xg{x)\u\ a ^~ 2 u - h{x)\u\^ x) ~ 2 u + K(x). 

Let us consider the following elliptic equation in a domain P C R n 

— div4(x, u, Vu) = B(x, u, Vu), (27) 

where l,B:QxRx R n —x R satisfy the structural conditions 

A(x,u,OZ>m Pix) -b(x)M f{x) -f(x), 

\A(x,u,0\ <m p{x) - l + b(.x)\uf^+g{x), (28) 

\B(x,u,0\ < |x|£f (x) +b(x)\u\*W + h(x). 

Here g > 1, / £ P(P), g £ L tp, (')(P) and h £ L tr '^(Q); b will be considered momentarily. For the 
exponents, we assume their boundedness and define them for x £ P as follows: 

p(x) < r(x) < p*(x), 

r(x) = r(x) — e for some 0 < e < p~ — 1, 

a(x) = r(x) ^^ X j ^ , f(x) = p(x) (l — , S(x) = f(x) — 1. (29) 

p[x) \ r {z) / 

These exponents differ from those of Fan-Zhao [T2l Theorem 2.2] by using r = r — e instead of r. 
Therefore, our assumptions on the exponents are marginally stronger. 

In order to use Theorem [2] we want B £ L CT (P) and 2 € L*(P) to hold for the auxiliary functions z 

_ p(-) r (-) , s 

and B defined below, see (|32l) . The first condition requires that 6, b p(')- 1 and 6 f (')~ 1 belong to 
The condition which implies all three cases is 

b g )p(-)-i (P) when p < —-—, 
v ’ 1 + e 

and 

b £ zA ^(O- 1 (P) when p > —— z . 
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Additionally, in order to have z £ L 4 (D) we require that B p - r+ £ Combining the demands of 

B and z results in the assumption b £ L s ('\ f2), where 


s(x) = 


p{x) 

p{x)-l 
r(x) 
f{x) — 1 


P* 

max{cr(x),t^f^} 

max{a(x),t^E^;} 


if p(x) < ^pj, 
if p{x) > 


If p > jpp, then r _f_ 1 < jp-p^y-. Moreover, it always holds that Thus, we can replace 

the above integrability condition on s with the following one: 


s(x) 


p(x)( 1 + e) 
p(x) — e — 1 


max{ij (x),t 


P- 

p*_ — r .|_ 


}■ 


(30) 


Remark 4. We have made no assumption on the relative sizes of a and t. If we explicitly chose 
t = n + e c and a = Jf_ r + e c for some small e c > 0, cf. assumptions (J6|), we could write fl30l) as 

b £ L S ('\Q) where s = (1 + e)(n + e c ) p „(L 1 ; ,> P -T r+ ; and proceed with this assumption as below. 


We say that rt £ W 1,p 0)(n) is a weak solution of equation f|27l) in D, if for all (p £ Co°(fI), it holds 


that 


/ A(x,u,Vu)\/ipdx = / B(x,u,Vu)(pdx. 

Jn Jo, 


We then extend the pool of test functions to allow £ Wq’ p by the density argument, see e.g. (Tj 
Chapter 9], 

Define an energy functional Jq.(u) as 


Jn(u) := J (|Vn| p W + B(x)|u| r (*) + z(x)) dx , (31) 

where 

B(x) := c(p + ,p~,r + ,r~) ^ b{x ) + 6(x)KD- 1 + ^(x)^)- 1 

z(x) := 1 + 6(x) + /(x) + 5 (x) p ' (x) + h(x) r ' (3:) + B(x) + (x). (32) 

By the above discussion on the integrability of coefficients and exponents in (l28l) . (12911 and (13011 , we 
have that B,z satisfy assumptions (J5]) and (0. 

Theorem 3. If u is a weak solution of equation (1271) under assumptions (|28|) - d30l) . then u is a local 
quasiminimizer of Jq . 

For the definition of local quasiminimizers we refer to the discussion following Definition [3] 

Remark 5. We would like to emphasize that the dependence of the coefficient B in Jq on a point 
x € D requires extra attention in the estimates below, see (1331) and further discussion. In the previously 
studied results B is either a constant or belongs to L°°, cf. Fan-Zhao |12j . 

By combining Theorem [3] with the local Holder continuity result in Theorem [2] we immediately 
obtain the following observation. 

COROLLARY 1. Assume that (12811 - (1301) hold. Then weak solutions of (1271) are locally Holder contin¬ 
uous. 
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Proof. It is enough to check that functions B and z, as defined above, satisfy the assumptions of 
Theorem |2] □ 


Before proving Theorem [3] let us illustrate our presentation with examples of PDEs covered by our 
result. 

Example 1. Let u £ be a weak solution of 

— div(|Vu| p ^ )_2 Vu) = V{x)\u\ q W~ 2 u 

for p(-) as in assumptions (JTJ) and a bounded continuous exponent q such that p — e < q < p* — 
e in Pi for e < p~ — 1; also let V £ L a ^(Pl). Then u satisfies assumptions of Theorem O and, 
thus, by Corollary [T] u is locally Holder continuous. Indeed, A(x,u,'Vu) = \\/u\ p ^~ 2 'Vu, whereas 
B(x,u,Vu) = V(x)\u\ q< ' x ' ) ~ 2 u 1 and A and B satisfy (l28l) and (12^1) for p = 1, / = g = h = 0 and 
5 = q — 1. The latter implies that r = q + 1 and so, by (129[) , one needs to assume that p < q + e < p*. 

EXAMPLE 2. In Aouaoui [3], the following eigenvalue problem is studied in the context of existence 
and multiplicity of solutions: 

- div(|Vu| p(x) - 2 Vu) + \u\^ x) ~ 2 u = \g{x)\u\ a ^~ 2 u - h(x)\u\^ x) ~ 2 u + K(x), 

where p, a and /3 are variable exponents, and h,g and K are positive functions. Moreover, [3] Theorem 
1.1] shows the existence of a solution for some A > 0 provided that 2 < a(x) < p*{x) in the set of 
points x such that a(x) > /3(x). Let us find conditions implying that u is a quasiminimizer of an 
energy subject to Theorem [3] and, thus, u is Holder continuous. 

Clearly, A(x,u,Vu) = |Vu| p ^^ 2 Vu and B(x, u) = — \u\ p ( x ^~ 2 u+\g(x)\u\ a ( x )~ 2 u—h(x)\u\P( x ')~ 2 u+ 
K(x). We estimate 

| B(x, u)| < Xg{x)\u\ a{ - X) - 1 + + K{x) 

< (A g(x) + h{x) + 1) | u |max{ a (*)-l^(*)-lj,(*)-l} + ( A5 ( x ) + + K( x ) + 1 ) . 

By discussion in [3] we have that exponent P(x) = max{a(x) — l,/3(x) — 1 ,p(x) — 1} is bounded 
continuous and P~ > 0. One immediately checks that the differential operator A satisfies (12811 and 
d29D for any a, b > 0 and g > 0, while \B(x,u)\ < 6(x)|u|^ + k(x) with b(x) = A g(x) + h{x) + 1, 
k(x) = A g{x) + h{x) + K(x) + 1 and 

5 = P(x) = rna x{a(x),/3(x),p(x)} — 1. 

We require 5 = f — 1 = r — e—1. This implies that assumptions of Theorem [3] are satisfied upon defining 
r{x) := rna x{a(x), (3(x),p(x)}+ e and assuming that b £ L s ^'\k £ L l and r = max{a(s), /3(x),p(x)} + 
e < p*(x). 

Proof of Theorem 0 By the continuity of variable exponents p{-) and r(-) in H, for any y £ H we may 
find its small neighborhood £l y such that r + < p*_ in Q y . To this end we localize discussion by choosing 

Q 'd fly. 

Let v £ W^'\fl) be such that u — v £ W^ vi "'\il r ). with S := supp(u — v) CC Pi'. 

Since u is a weak solution, we have 

/ A(x,u,\7u)P/u = / A(x, u, Vii)Vu + / B(x, u, Vu)(u — v). 

Jn' Jn' Jo.' 
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Using the structural conditions (1281) . we get 


fi J |Vu| p ^ < (!) j b(x)\uf^ + (1) j f(x) 

+ (2 )fij |Vit| p(x)-1 |Vv| + (II) J b(x)\uf ix) \Vv\ + {3) J g(x) |Vu| (33) 

+ (4)/x [\VufW\u-v\ + (III) [ b(x)\u\^ x) \u-v\ + {5) [ h{x)\u-v\. 


By using Arabic and Roman numerals we distinguish two types of integrals, depending whether they 
contain function b or not. In the previously studied results b is either a constant or belongs to L°°, 
while for us integrals (I) (III) require additional effort. 

For integrals (2), (3) and (5) we make the following simple estimates using Young’s inequality: 


H j |Vu| p(x) “ 1 |Vi;| <e 0 /i j \\7u\ p{ - x) +n J el~ p(x) \Vv\^ x \ 
j g(x)\Vv\ < j |Vn|^) + J g(xf(*\ 


Similarly, we estimate integral (4) as follows 


(34) 



- , , pM 

e 3 P( " ) - T( * ) |u - u| *(«)-'(•> 
__pW_ 

e pM-fO) | u _ v \r(x) 


(35) 


Note that p — t > 0 in for our choice of f. 

Let us estimate the integrals (I) through (III) next. For integral (I), we take a = 1 — and f3 so 
that a + (3 = 1. Then = 1, and by using the Young inequality for ei € (0,1) we get 


b{x)\u\ f{ - x) = J b{x) a b(xf\u\ f W 

< J b(x) a ^T=^) + J ei6(x)^H r ^=y e~ r ^~ f(x) b{x) + J ei6(x)|n| r(x) . 


(36) 


For (II), we note that 


J b(x)\u\^ x) \Vv\ < J e v z {x) b{x)$^\u\ r{ - x) + J e~ pix) \\7v\ p ( x) 


by our choice of a, see 
Finally, we estimate integral (IV) 


b(x)\u\ s ^\u-v\= / b{x)\ufW- l \u-v\ < / b^^\u\ f{ - x) + / | u-v\ f{ - x \ 


< ^ 


r(x) 
r(x ) —r(x) 


/ 

/ r(x ) r_ 

e^b(x) i,< - x '>- 1 fl 


_w , , r 

-i ?(x) \u\ r ( x > + / In — v 


r(x) 


(37) 


(38) 
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Upon collecting estimates (1341) - (1381) . we arrive at the following inequality 


H J |Vu| p(x) < J e~ Hx) -^ x) b{x) + j e 1 b(x)\u\ r W + J f(x) 

+ e 0 p J |Vu| p(x) +p, J eJ _p(a!) |Vu| p(a,) + J ejf (a °&(x)i$fr \u\ r ^ + j e~ p[x) \Vv\^ 
J g(x) p '( x) + J |Vu| p(x) 


+ 

+ e 3 h- 


x) 


PM 

p(x) — t(x) I 


if (a;) 


+ pj e 3 ^> ,w |u-«|'w + j e 4 

J h(x) r '( x) . 

We rearrange terms in estimate (1391) to obtain 


/ K^O r 

e 4 r < x) ~ Hx) + / e 4 6 (a 




x)H*)-i |u| r ^ + / |u — v 


/' 


(39) 




+ /1« - «r ( * } + 




^ < /4 e o + e 3 ) 


x) 


+ 


e^/x + e^ + l) |V W |**> 


+ / ( / ie 3 


p(g) 

p(x) — r (a;) 


+ 1 ) lii — u| r ^ + / lit — u 


ir(x) 


+ / ( ei 6 (x) + ef + e 4 &(x)) |rt| r( ' 3; ^ 


(40) 

(41) 

(42) 


+ fe 1 ^™6(x) + f{x) + g(x) p 'W + e4 


r(x) 

r{x) — r(x) 


+ h(x) 


r'(x) 


We denote the integrand on the last line by < 7 . Upon choosing eo and e 3 so that fi{e 0 + e 3 ) < 1, we 
include the |Vu|-term in the left-hand side of (1401) . For line fj42l) . we dehne 


p(x) 


r(x) 


B(x) := rnaxje^ , e 4 ,e 4 } ^fc(x) + b(x)p(^~ 1 + b(x) H*)- 1 
Then we estimate expression in (j42l) by /B(x)|n| r i a: l, and proceed as follows. First, 

J B(x)«^ < 2 r + j B(x) (\u - v\ r W + \v\ r W) < c(r+) J B(x) (\u - v\ r + + 1 + 

(x)\u - v\ r + + J B(x)M r(x) + J B(x)^ . (43) 

We include the last term in (1431) in g. For the first term in (1431) we again use the Young inequality: 

ir+) J B(x) 


= c(r + ) 


c(r + ) / B(x)|u — v\ r+ < e 5 c(r + ) / |u — v\ p ~ + e. 


r + 

p*L~ r + 


\P-~ r + 


(44) 


since r+ < p*_ in sufficiently small balls, see discussion in the beginning of the proof. As for the first 
right-hand side integral in fl44l) . by the Sobolev embedding theorem, we have 


|u - vf- < C(C Sob ,P-) / \Vu\r- + |Vtf 


P- 

P- 


(45) 


< C(C So b,p*-,P ) 



U + |Vu| p(x) + 2 
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—-1 
P- 


= C(C S ob,P-,P~) (y |Vu|PW + |Vu|^ + 2j " (J |Vu|^ + |V^| p W + 2 
= C J (|Vu| p(x) + B(z)|ur<*> + 2 ). 

Here C = {Cs 0 b,P~,P~ , ||u|| i,p(. ),„,.). In the last step we also use the observation that 

V loc ' ' 

J |Vu| p(x) < J |Vu| p(x) + B(x)M r(x) , 

since otherwise u is a local minimum of J and so, in particular, a quasiminimum. For details see the 
similar discussion in the proof of Lemma [T} inequality (14911 . We use the above estimate in (14411 and 
upon choosing 0 < 65 < 1 so that esc(r + )C < 1, we include the |V'u|-term in the left-hand side of (1401) . 
The similar argument applies to expressions in (|41l) . since f < r, and hence 

|u — < \u — v\ r+ + 1 and | u — vf^ < \u — v\ r+ + 1 . 

From this we can proceed as in (1441) and (1451) . 

We collect together the above estimates and apply them in (1401) to arrive at the following inequality 
n J |V«p«<c(/ |Vu| p(x) + e j B(x)\u\ r{ - X) + j M(x)\v\ r{x) + J (g + B(x) + . (46) 

Here e E (0,1) while C depends on parameters of constants in the preceding estimates. 


p_ 

P*_-r 4 

c 6 


Denote z(x) := g(x) + M(x) + B p - r+ (x). 

We add /B(x)|u| r ^ + f z(x) to the both sides of (1461) . to get that 

fij |Vu| p(x) + (1 - Ce) j B(x)M r(x) + J z(x) <C(J |Vu| p(x) + J B(x)|u| r(x) + J z(x) (47) 

+ j B(x)M r °^ 

Arguing as in (14311 through (|45l) we have 

J B(x)|u[' < c(r + ) ^ J B(x) + J B(x)|u| r ^y + J e§\u — v\ p ~ + / B(x) p - _r+ e 6 

and 

J e 6 \u - vf~ < e 6 C (J |Vu| p ^ + J |Vu| p W + J 2 )- 

Thus, choosing small enough and the appropriate value of e, ()47j) becomes 

y n\Vu\ p W +M{x)\u\ r W + 2z(x) <C j (jVu| p ^ +B(x)|u| r ( a: ) + z(®)) 

+ C j ^B(x) + B(x) p -“ r + + 2^ . 

We apply the definition of k and increase the value of C if necessary and obtain that 

< CJw(v). 

This completes the proof of Theorem [3] □ 
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5 Appendix 


The purpose of this section is to prove Lemmas [T| and [2} see Preliminaries for the formulation of the 
lemmas, also Remark [l] 

Proof of Lemma [7J We define an auxiliary energy functional 

F\(u) \= — [ h(x) dx = f (^|Vn| p ^ + b(x)\u\ r ^ + g(x)) dx. 

Jw in' 

Let Ll" g be a subdomain of LI 1 . In the proof we will need estimates for the integrand terms of T\. 
We start with the following inequality for a test function p £ Wq’ p ^\PI") and some e £ (0,1): 

b{x)\u\ r ^ = b(x)\u + p- V | r <*) < 2 r+ (e$&\p\ r ^b(x)e~^> + b(x)\u + <p\ r{ & 


< 2 r 


e\p\ p *^ + e - p*M-K*) b(x)p*( x '>~ r< - x '> + b(x)\u + p\ r ^ 


(48) 


In the last step above we used the Young inequality together with the assumption r < p* in P. 
We can suppose that 


p\V(u + p)\ p ^ < J ii\Vu\ p ^ + b(x)\u\ r ^, 


(49) 


supp ip 

since otherwise it holds that 


supp if 


Ji (u)= J /i|Vn| p(x) + b(x)\u\ r ^ +g{x) < J /i|V(« + p)\ p ^ x) + g{x) 


supp ip 


supp <p 


< 


J n\ V(« + p)\ p M + b(x)\u + p\ r ^ + g(x) = F l {u + p). 


supp <p 


Hence u is a minimizer of T\ and so also a minimizer of T\. In particular, u is a quasiminimizer of T\. 

We will now estimate the term containing in (1481) . By the Sobolev embedding theorem (cf. 

Diening-Harjulehto-Hasto-Ruzicka |7} Theorem 8.3.1]) and the unit ball property defined in (j2J) we 
have that 


/ 


I 


supp p 


< max{||(^||^ p » ( . ) , ||v ? II2p*(- ) } ^ cmaxjllV^II^.), || V V?||^ ( .)} 


< cmax 


|max{( f , ( l |V</?| p ^)p + }, max{( f |V<^| p( -^) p ,( f |V</:| p ^)p + }}• 


supp <p 


supp ip 


supp ip 


supp <p 


By considering two cases: f suppip |V(/9| p (') < (>)1 we conclude that 


p ' n 

t> n—v~^ 


supp <p 


\pf^ < cmax{( j |V<d p(0 ) 

supp ip 

J max {( J |v^r () ) 


v _. 

|V^| p( - } J n ~ p } 


supp ip 


--1 


|v<d p( ' : 


) \ n—p- 


--1 


}. (50) 


supp ip 


supp ip 


supp ip 
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Note that all powers of |V<^|-modulars on the right hand-side are strictly positive. We again appeal to 
observation (1491) and are, therefore, able to provide the following estimate 


J |V</j| p (') < 2 P+ J (|Vn| p ^ + |V(n + ^)| p( ' ) ) 

supp p supp p 


2 p + 

< - 


(2/r|Vu| p( ' ) + b{x)\u\ r ^) 


supp <p 


< c(p,p + ,r + , \\u\\ w i, P (-) 


TD ’ 


I £,<>■(■), \n\). 


(51) 


In the last step we notice that since p < r, then > p and thus by the variable exponent Holder 
inequality we estimate b\u \ r ^'•* in terms of |H|, IMI^pO^ and ll^ , llz/ cr <-)( r2 ) f° r a > p*(-)-r > see R. emar k 2 
in Toivanen [23]. By combining (1501) and m we obtain 


j M P * (0 <C / IV^, (52) 

supp p supp p 


Constant C depends on the variable exponent Sobolev embedding constant from (|50l) and parameters 
in c from (Em. 

We are in a position to complete the proof of the lemma. By the quasiminimizing property of u, 
growth assumption [5} the definition of J-\ and inequalities (1481) . (1511) and (1521) . we have that 


j /j,\Vu\ p ^ + b(x)\u\ r ^ + g{x) < KF\{u + tp) + 2 J (b(x)\u\ r ( x ' ) + g(x)) 

D tp SUpp p 

KJ\{u + p)+ J 2<?(x) + 2 r+ (e J | ¥ ?| p * ( - ) + J e~^l^b(x)^^ + J b(x)\u + 

supp p supp p supp p i 

KJ\(u + g>) + J 2g(x) + 2 r++p+ eC( j |Vn| p (') + J \V(u + ^)| p( - } ) 

supp p supp p 

r+ [ b{x)\u + v\ r[x) - 


supp ip 

< 

< 


supp ip 


supp ip 


+ ( p*(-) p*(.) 

+ 2 r e ?*(•)-*•(•) b(x)p* < - '*~ r + 2 


(53) 


supp p 


supp p 


Next, we choose e so that 2 r++p+ eC = Furthermore, since a > p f^2 r , we may apply the variable 
exponent Holder inequality and then the unit ball property to obtain that 

+ r p*(-) p*(o 

2 r e p*( )- 7 -(-)fe(x)p*( )- r (-) < c, 

supp p 


where c depends on |H|, ||6|| iCT (.)(n) and the choice of e. Then, we may include the |Vn| p ('- ) -integral on 
the right-hand side of (1531) in the left-hand side of (1531) . In a consequence we arrive at the following: 


J ^\Vu\ p ^ + b{x)\u\ r ^+g(x)<KT 1 (u + i P ) 

supp p 

+ max{2 r+ ,|}( j \\7(u + ip)\ p ^+b{x)\u + ip\ r ^+g(x)) 

supp p 


+ 


! P*(0 -> 

«4p*(-)-dH- 


p*M 

b(x) p*(x )- r ( x ), 


supp ip 


(54) 


23 














Finally, from (15411 we infer that 

n\Vu\ p{ - x) + b{x)\u\ r ^ + g(x) + h(x) < i J g\Vu\ p ( x) + 2b(x)\u\ r ^ + 2 g{x) + h{x) 

supp p supp p 

< KF\(u + p) + c(^Fi(u + p) + j b(x)p*( x '>~ r< - x '>'^ + 

SUpp if SUpp if 

< (K + + </?) + J ^c6(x)p*( x )- r W + h(x )(^ — K - c) \ , (55) 

n" 

p*(0 

where c depends on ,p , n, r + ,/r and |M| w i, P (.), Since we defined h := c _ i &p*(-)-H-) 

we obtain that the last integral on the right-hand side of (|55{) is zero and so f|55l) reads 

T\(u) < 2 (K + c)Ti(u + p ). 

Thus, the proof of Lemma Q] is completed. □ 

Proof of Lemma{l 3 We first show that under the assumptions of the lemma, —u is a bounded minimizer 
of T\. Indeed, observe that T\[—u) = while for any p £ Wq' p ^ (12) it holds that 

Pi(-u + p) = [ (p| - V(n - <p)| p(x) + b(x)\ -{u- p)\ r( - x '> + g{x))dx = - p). 

Jn 

Hence, the quasiminimizing property for u) follows immediately from the corresponding property 
for T applied with —p. 

Next, we show that under the assumptions of the lemma u — k is the K \-quasiminimizer of the 
energy J- 2 n'- Let Pi" (<= PI' and p £ W^' p ^ \Pl") be a test function. Then 

T 2 {u - k) = [ (n\ V(« - k)\ p( - x) + b(x)\u - £f (x) + g(x) + h{x)) 

Jn 

(p\Vu\ p ^ + g{x)) + J h(x) + j (2 r Wb{x)\u\ r & + 2 r ^b(x)\k\ r ^) 

supp p supp if supp p 


< 

K 

/ 

(|i V(ii + p)\ p ^ + b(x)\u + p - 

k + k\ r W + g(x) 

+ 

h(x)) + J h(x) 


supp p 




supp p 

+ 

2 r+ 

K 

/ {fi\V(u + p) | pW + b(x)\u + p-k + k\ r W + g(x 

) + h(x))+ j 2 r ^b(x)\k\ 



SUpp if 



supp p 

< 

2 r+ 

(2 r+ 

+ 1 )K J (/r V(n — k + p)\ p ^ 

^ + b(x)\u + p- 

k\ 

'W+g(x) + h(x)) 




supp p 




+ 

2 r+ 

[(2 r+ 

+ 1)K + 1] j b(x)\k\ r W-( 

V + (2 r+ + l )K- 


) f K x )- 




supp p 



supp p 


We use the fact that \k \ r < (1 + sup^, |tt|) r+ together with the dehnition of function h to conclude 
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the above estimations: 


^(u — k)< K\Tflu - k + ip) 

+ 2 r+ [(2 r+ + 1)K + 1](1 + sup |w|) r+ J (b(x) 

= K\Ti(u — k + tp). 


supp ip 


2 r +(2 r+ + 1)K- 1 
2 r +[(2 r+ + l)K + !](! + su Pf2 / |'u|) r+ 



Thus, u — k is a K \-quasirninimizer of J ~2 and the proof of Lemma [2] is completed. 


□ 
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